Based on micromagnetic simulation and analysis of Thiele's equation, in this work we demonstrate that ratchet motion of skyrmion can be induced by a biharmonic in-plane magnetic field hx(t) = h 1 sin(mt) + h 2 sin(nt + ), provided that integers m and n are coprime and that m + n is odd. Remarkably, the speed and direction of the ratchet motion can be readily adjusted by the field amplitude, frequency and phase, with the maximum speed being over 5 m/s and the direction rotatable over 360. The origin of the skyrmion ratchet motion is analyzed by tracing the excitation spectra of the dissipation parameter D and the skyrmion position R, and it shows that the dissipative force plays a key role in the appearance of ratchet motion. Such a ratchet motion of skyrmion is distinguished from those caused by single-frequency ac drives reported in the literature, and from that driven by pulsed magnetic fields as also predicted in this work. Our results show that skyrmion ratchet effect under biharmonic forces shares some common features of those found in many soliton systems, and the facile controllability of both the skyrmion speed and direction should be useful in practice. PACS number(s): 76.50.+g, 75.10.Hk, 75.78.−n *
I. INTRODUCTION
Since the theoretical prediction 1 and their first experimental evidence 2 Magnetic skyrmions can be also stabilized in magnetic thin films contacted with heavy metal layers, such as Fe/Ir 13 , Co/Pt 14 , and CoFeB/Ta 15 . In most of the existing magnetic skyrmion systems, the emergence of the skyrmion is attributed to the DzyaloshinskiiMoriya (DM) interaction 16, 17 , which arises from inversion symmetry breaking in the crystal lattice or at the interfaces. Due to the nontrivial topology, magnetic skyrmions have been shown to carry quantized emergent electromagnetic fields, which effectively act on conduction electrons and magnons, giving rising to intriguing physical behaviors in skyrmion systems such as topological Hall effects associated with the transport of skyrmions 18, 19 , electrons 20, 21 and magnons 22, 23 . In addition to the nontrivial topological behaviors, the charm of magnetic skyrmions also comes from their nanometric size 24 , topological protection 25 , ultralow electric currents required to drive their motion 26 , and dynamics under microwave fields 27 . All these represent the importance of magnetic skyrmions in fundamental physics, and their high potential use of in future information memories and spintronic devices.
The understanding of the dynamics of a magnetic skyrmion in response to external sources is one of the important issues in the field of magnetic skyrmions, and is relevant for many applications. In particular, reliable control of skyrmion motion is a key for the application of racetrack-type skyrmionic devices. Previous works have shown that the translational motion of skyrmions can be driven by a variety of sources, which include time-unvarying sources like steady spin-polarized currents 28, 29 , electric field gradients 30 , magnetic field gradients 31, 32 , and thermal gradients 31, 32 , as well as time-varying sources like single-frequency ac drives of currents, fields or field gradients 33-37. For the cases of time-unvarying sources, skyrmion motion can be understood by the model that the skyrmion center is subjected to a steady driving force, arising from the spin transfer torque (STT), the spatial asymmetric potential due to field gradients, or the momentum transfer caused by the magnon flow, as is reflected by a steady and nonzero driving force F in Thiele's equation,
Here M is skyrmion mass, R is the collective coordinate of the skyrmion, G = Gez = 4Qez is the gyromagnetic vector with Q being the skyrmion charge,  is the Gilbert 33 , is via using an oscillating in-plane magnetic field together with a static in-plane magnetic field, which we would like to call a biased oscillating magnetic field. The key of this method is the breaking of the spatial symmetry of the skyrmion by the static in-plane field. The effect of such a biased oscillating magnetic field is the breaking of spatial symmetry of the force density and consequently, the time average of the driving force F in Thiele's Equation is nonzero. The second way reported by Moon et al. 34 is by using a tilted oscillating magnetic field (with in-plane and outof-plane components). While the net motion of skyrmion can be intuitively understood by a mixing of the gyration and breathing modes, our analysis shows that the dissipation force term in Thiele's equation plays an important role in the net motion. The tilted oscillating magnetic field leads to an oscillation of the dissipation parameter D and the skyrmion velocity  vR with the same frequency, and consequently the time average of the dissipation force is nonzero. It is this net dissipation force that causes the net motion of skyrmion. The third way, as proposed by Reichhardt et al. 35, 36 , is to make use of oscillating drives like an ac current together with an asymmetry of the substrate. The net motion of skyrmion of this way is due to the asymmetric potential in space, and the Magnus force was shown to have a great impact on the skyrmion motion direction. The fourth way, which is realized by an oscillating magnetic field gradient of high symmetry, has been recently revealed by Psaroudaki and Loss 37 . For this case, the time-dependent dissipation terms caused by the coupling of external field with magnetic excitations is also the key for the appearance of unidirectional motion of skyrmion. It is noteworthy that such a motion exists even the system and the driving field are of high symmetry, in contrast to the previous cases.
From a fundamental point of view, the unidirectional motion of skyrmion under oscillating driving forces is relevant to a general kind of transport phenomena of soliton systems, named ratchet effect, where net motion of solitons is induced by zero-average forces. In the literature, the ratchet effect has been explored in many different soliton systems by physicists and mathematicians. In particular, a large number of works have
shown that a ratchet effect would appear if the system is driven by a biharmonic force
38,39 , and the speed and direction can be readily adjusted by the frequency  and phase , provided that m and n are two coprime integers such that m + n is odd. It is natural to ask if magnetic skyrmion exhibit a ratchet effect under a biharmonic driving force. The existence of such a ratchet effect can not only provide us an alternative strategy to control skyrmion transport, but also help us to gain a deeper insight into the skyrmion dynamics. Nevertheless, explorations on skyrmion dynamics under a biharmonic force remain exclusive.
In this paper, we study the skyrmion dynamics under biharmonic magnetic fields.
Based on micromagnetic simulation and analysis of Thiele's equation, we show that a ratchet motion of skyrmion can indeed be induced by a biharmonic in-plane magnetic field hx(t) = h 1 sin(mt) + h 2 sin(nt + ), provided that m and n are two coprime integers such that m + n is odd. The direction of the motion can be continuously rotated by 360
by adjusting the phase . The ratchet motion speed can be tuned by both frequency and the field amplitude and is most significant near the resonance frequency of the gyration mode. The analysis on Thiele's equation shows that the appearance of a net dissipative force, due to an overlapping of the excitation modes of the dissipation parameter D and the skyrmion poison R, is believed to be the key to the ratchet motion. The difference between such a ratchet effect and those driven by single-frequency oscillating driving forces as well as that caused by pulsed magnetic fields as predicted at the end of this work is discussed.
II. MODEL AND METHOD
The motion of an isolated skyrmion in a chiral magnet with bulk DM interaction is numerical studied. Basing on a Heisenberg model on a two dimensional square lattice, 
where mi is the magnetization vector at site I, J is the Heisenberg exchange coefficient, D is the DM interaction coefficient, and
field which is the sum of a constant field normal to the plane H0=(0, 0, Hz) and a timevarying in-plane field h(t).
The dynamics of skyrmion is captured by solving the stochastic Landau-Lifshitz-
or in the equivalent form, 
To first obtain the steady skyrmion, the magnetic structure is initially set with a downward magnetization in the center region and with an upward magnetization elsewhere, and is relaxed over a sufficiently long time (>3 ns). In the following, we focus on the results obtained at 0 K. A finite temperature would not change the main conclusions of this work.
To characterize the skyrmion, we calculate the topological charge density, 
III. RESULTS AND DISCUSSIONS

A. Excitation-spectrum of a skyrmion under in-plane magnetic field
We would like to first take a look at the excitation-spectrum of a skyrmion caused by in-plane magnetic fields. Such a spectrum is obtained by tracing the spin dynamics of the skyrmion after applying a -function pulse of in-plane magnetic field hx(t) = h 
B. Skyrmion dynamics under biharmonic magnetic fields
We then study the skyrmion dynamics under biharmonic in-plane magnetic fields along x-axis in form of hx(t) = h 1 sin(mt) + h 2 sin(nt + ). For simplicity, in the work 21T as labeled in the field profiles. Such a time interval is chosen to guarantee that the skyrmion is already in a steady excitation. The skyrmion dynamics of the two cases are quite similar at the first sight on the snapshots of skyrmion configuration. For both cases, the skyrmion deforms and gyrates in CCW direction. However, by tracing the skyrmion position, we found that in the first case, the skyrmion exhibits a close trajectory after a period of field application, whereas for the latter case, the trajectory is not closed after a period of field application, with a net displacement of the skyrmion position (15).
Since all the conditions return to be the same except for the skyrmion position after a period, one expects that the drifting of the skyrmion in the latter case along the direction (15) will be accumulated if one traces the skyrmion motion over more time periods.
That is to say, a ratchet motion occurs.
To clearly see the difference between the skyrmion dynamics driven by these two biharmonic in-plane magnetic fields, in Fig. 3 we further show the long-time skyrmion dynamics under the two fields up to 1.5 ns. The field profiles, the time evolution curves of the skyrmion position coordinates xc and yc, and the trajectories of the skyrmion for the two cases are shown in Fig. 3a to c, and Fig. 3d to f, respectively. It is clearly seen that the skyrmion in the first case indeed performs a bounded periodic motion around the equilibrium position at rest, whereas the skyrmion in the latter case shows a ratchet motion with a helical-like motion trajectory along a specific angle direction. The ratchet motion speed of the skyrmion, which can be calculated as , is found to be about 313. If we take a = 0.5 nm, the ratchet motion speed is about 5 m/s. This value is smaller to that driven by current 28, 29 , but is comparable to those driven either by using an biased oscillating magnetic field 33 or by using a tilted oscillating magnetic field 34 
C. Tunability of the skyrmion ratchet motion
In this section, we would like to show the facile tunability of the skyrmion ratchet motion under biharmonic in-plane magnetic fields. For biharmonic in-plane magnetic
fields in form of hx(t) = hx[sin(mt) + sin(nt+)], besides the relation between m and
n which determines the occurring of ratchet motion, one can rely on the field amplitude hx, frequency  and phase  to tune the ratchet motion. As an example, we illustrate the case (m, n) = (2, 1). The results of cases with other values of (m, n) should be similar.
The dependence of the ratchet motion speed vc and direction  on the field amplitude hx (up to 3.510 -3 J/g B ) is depicted in Fig. 5a , and the long-time skyrmion trajectories (up to 1.5 ns) at different field amplitudes are depicted in Fig. 5b . The frequency  and phase  are fixed to be 105 rad/s and 0, respectively. As expected, a larger field causes a more significant gyration of the skyrmion, and consequently leads to a more notable ratchet motion. The dependence of the ratchet motion speed on the field amplitude is in a power function trend as cx vh   , with index 3.32
 
is quite near the value of m + n. Note, a power function dependence of the ratchet motion speed on the field amplitude is a common feature of the ratchet motion of many soliton systems 37 . Meanwhile, the motion direction changes slightly with respect to the field amplitude. A decrease of the motion angle  is observed at large fields and becomes more significant when the field is larger.
In additional to the field amplitude, the frequency also has a significant impact on the ratchet motion. In Fig. 5c , the ratchet motion speed vc and direction  as functions of field frequency f = /2 are shown, with field amplitude hx and phase  being fixed to be 0.003J/g B and 0, respectively. The long-time skyrmion trajectories (up to 1.5 ns) at different frequencies are shown in Fig. 5d . It is found that the skyrmion ratchet motion speed has abnormal rumplings near the resonant frequency of the gyration mode (Fig. 1d) . This abnormal rumplings is believed to be caused by that fact that a series of modes (with different frequencies) rather than a single-frequency mode is excited in the skyrmion dynamics driven by the biharmonic field (we will discuss this in next section).
Not only the amplitudes but also the phases of the excited modes are affected by the frequency of the biharmonic field. They together determine the ratchet motion speed.
The effect of the frequency of the biharmonic field on the phases of the excited modes is complicated. This is also reflected in dependence of the ratchet motion direction on the field frequency. Contrast to the gentle effect of the field amplitude ( Fig. 5a and b) , the effect of field frequency on the ratchet motion direction is much more significant.
In particular, a large change of motion direction occurs nearby the resonant frequency.
The ratchet motion speed vc and direction  as functions of the phase  between the two harmonic field components are shown in Fig. 5e , and the long-time skyrmion trajectories (up to 1.5 ns) at different phases are shown in Fig. 5f . Here we fix the field amplitude to be 0.003J/g B , and the frequency to be 105 rad/s. Remarkably, with the phase changing from 0 to 360, the skyrmion motion angle also has a full 360 rotation in CW direction. Note also that the ratchet motion speed shows a slight anisotropy along the angle direction, with two minimums at  = 90 and 270 (correspondingly,  = 230 and 50), and two maximums at  = 0 and 180 (correspondingly,  = 320 and 140).
Therefore, one can readily use the field amplitude and frequency to tune the skyrmion ratchet motion speed, and use the phase to realize a 360 control of the skyrmion motion direction. This feature should be very useful in practice.
D. Analysis of the skyrmion ratchet effect based on the Thiele's equation
To 
Here, ( ) ( ( ), ( ))
is the biharmonic force related to the biharmonic magnetic field. In the following, we Suppose
and that such a biharmonic force would cause a multi-mode excitation of the dissipative parameter D. For simplicity, we assume the most important four modes of D are those at frequencies 2m, 2n, (mn) and (m+n), so that we write
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where ' / 2 GHz, and  varying from 0 to 360 by a step of 18. One can see that, a ratchet motion is found for case (m, n) = (1, 2) and the phase can realize a 360 control of the skyrmion motion direction, whereas a bound motion is found for case (m, n) = (1, 2). We also find that the excited modes of the skyrmion coordinate do have a frequency overlapping with those of the dissipative parameter D for the case (m, n) = (1, 2), whereas no overlapping occurs for case (m, n) = (1, 3) . This result is well consistent with our previous LLG simulation results. Therefore, a net dissipation force  R D over a period due to an overlapping of the excitation modes of the dissipative parameter D and those of the skyrmion coordinate is indeed the key to the appearance of skyrmion ratchet motion.
E. Discussion
We would like to further point out that the solution of a ratchet motion driven by a biharmonic force based on Thiele's equation is not necessary to require a multi-mode spectrum of the dissipative parameter of D. For example, for a biharmonic force with frequencies denoted by (m, n), one can check that a solution of a ratchet motion is given by Thiele's equation even if D is assumed to have a single excitation mode at frequency that is the submultiple of the element frequency, e.g., m or n. This is due to the fact that, for a driving force with a specific frequency, e.g., m, if one assumes that the an excited mode of D is at frequency, e.g., q, then a series of frequencies of the skyrmion coordinate R will be excited, including m, |m+q|, |m-q|, |m+2q|, |m-2q|, …. The In Table I We emphasize that the ratchet effect revealed in this work should be distinguished in both the source application and the dynamics behind from those driven by oscillating driving forces as reported in previous works [33] [34] [35] [36] [37] . The ratchet motion, either driven by a biased oscillating magnetic field 33 or by oscillating drives in combination with substrate asymmetry 35, 36 , is intrinsically due to a spatial symmetry-breaking, as introduced by the field or by the substrate. For the ratchet motion driven by a tilted oscillating magnetic field 34 , while the dissipation force should also play an important role in the net motion, such a net dissipation force relies on the co-excitation of the gyration mode caused by the in-plane field and the breathing mode caused by the out-of-plane field. The key to the ratchet motion under a high symmetric oscillating magnetic field gradient is also a time-dependent dissipation, but is caused by the coupling of the external field with the magnons 37 . In this work, the ratchet motion of skyrmion is driven by a biharmonic force with temporal symmetry-breaking. Such a temporal symmetry-breaking force gives rise to a multi-mode exactions of the dissipation parameter and the skyrmion coordinates, leading to a net dissipation force, and consequently, the ratchet motion.
At the end, we would like to present a more complicate skyrmion ratchet motion driven by pulsed in-plane magnetic fields as shown in Fig. 8 . Here, the pulsed fields are repetitive sequences of alternating positive pulse (in magnitude of 0.003J/g B and over a time TN 1 ) and negative pulse (in magnitude 0.003J/gB and over a time TN 2 ) with
ps. It shows that ratchet motion occurs if TN 1  TN 2 (i.e., the pulsed field has a biased component), and the ratchet motion is most significant when TN 1 is about half or double of TN 2 . The skyrmion motion under such pulsed magnetic fields can be understood by regarding the pulsed magnetic fields as combinations of a series of harmonic magnetic fields and a biased magnetic field. Thus the driving force is sort of a mixing product of both spatial and temporal symmetry-breaking.
IV. CONCLUSIONS
Micromagnetic simulation and analysis based on Thiele's equation are performed to study the skyrmion dynamics under biharmonic driving force. It shows that ratchet motion of skyrmion can be induced by a biharmonic in-plane magnetic field hx(t) = h 1 sin(mt) + h 2 sin(nt + ), with a facile controllability of the ratchet motion speed and direction by tuning the field amplitude, frequency and phase, provided that m and n are two coprime integers such that m + n is odd, that is, when the field has a temporal symmetry-breaking. We propose that the ratchet motion is caused by an overlapping of the excitation spectra of the dissipation parameter and the skyrmion coordinate, which leads to the appearance of a net dissipation force averaged over time. The demonstration of the skyrmion ratchet effect enables further insight into the dynamic and soliton-like features of magnetic skyrmion, and its controllability should be useful in practice. 
